In this study, a uniqueness theorem is given for Sturm-Liouville problem with special singular potential. We prove that singular potential function can be uniquely determined by the spectral set {λ n (q 0 , h m )} +∞ m=1 .
Introduction
Inverse problems are the problems that consist of finding an unknown property of an object or medium from the observation of a response of this object or medium, to a probing signal. Inverse problems, in particularly self-adjoint ones, received extensive in last times such problems often emerge in mathematics, mechanics, physics, electronics, geophysics and many branches of science world. Let = − d 2 dx 2 + q (x) be the Sturm-Liouville operator defined by the Dirichlet boundary conditions as self-adjoint operator in L 2 [0, 1] and 0 < λ 1 < λ 2 < · · · be its eigenvalues. Spectral datas are spectra, eigenfunction, normalizing constants, spectral functions, scattering data, etc. An early important result in this direction which gave vital impetus for the further development of inverse problem theory, was obtained. Inverse problems from two spectra were the most simple in their formulation and well-studied in [1, 3] . Marčenko and Levitan used the transformation to prove that the eigenvalues and norming constants uniquely determine potential function [13, 15] . Some effective methods of constructing a regular and singular Sturm-Liouville operator for a spectral function or for two spectra are given [2, 8, 11, 19] . We note that the detail of inverse problem for singular equations are given in the monographs and references therein [5, 7, 9, 17, 18] .
In some recent interesting works, [10, 12, 14] have taken a different approach to inverse spectral theory for the Sturm-Liouville problem. And then inverse problems have been studied by several authors [20, 21] .
As a result, these types of studies created a big impact on the world of natural science. The works still continue intensive on inverse spectral problem. We mentioned that analogous results are given by Mclaughlin and Rundell in [16] .
In our study, we will deal with a uniqueness theorem for Sturm-Liouville operator having special singularity type. We show that if the spectral set [λ n (q 0 , h m )] +∞ m=1 , n = 0, 1, 2, · · · for distinct h m can be measured, then the spectral set is sufficient to determine the potential q (x) = δ x p + q 0 (x) . In this section, we will focus on some important facts which will be used in this research.
Preliminary knowledge
Lemma 2.1 (Riemann-Lebesgue's Lemma [4] ). If f is Lebesque integrable on [−π, π] , then
We consider the singular Sturm-Liouville problem as follows
where
Similarly, we consider second problem as
where the problem has above similar properties. Let λ D n (q) be the n-th eigenvalue for the equation (2.1) with Dirichlet boundary conditions.
The authors in [12, 14, 20, 21] showed the recostruction of the potential function for regüler Sturm Liouville problem according to normalizing constants and eigenvalues. Our aim is to apply the same method for singular Sturm Liouville problem.
In this section, we will try to obtain some asymptotic results and a reconstruction formula for potential q, which has been obtained as solution of an inverse nodal problem.
Lemma 2.2 ([5, 7, 17]).
Lemma 2.3. Let λ n be the n-th eigenvalue of the boundary problem (2.1)-(2.3), for a fixed index n, then λ n satisfies
Theorem 2.4 ([17]
). Solution of the boundary value problem (2.5)-(2.6) is
where the kernels K (x, s) is the solution of the equation
with conditions
Now, merely one of the kinds of the inverse problem is solved. We give the solution of the inverse problem for special singularity potential as follows.
Theorem 2.5 ([6]).
for each eigenvalue λ and x → 0 then the entire function ϕ (x, λ) with respect to λ and x 0 provides the following inequalities
Theorem 2.6. Let λ n (q 0 , h) be n-th eigenvalue of the boundary-value problem (2.1)-(2.3). For a fixed index n, then eigenvalue λ n (q 0 , h) is strictly increasing in h and
Proof. We see that λ n (q 0 , h) is a continuous function in h. Now we prove that λ n (q 0 , h) is monotonous function in h. Using Lemma 2.3, we have
Multiplying (2.9) by y (x, λ n (q 0 , h + ∆h)) , (2.10) by y (x, λ n (q 0 , h)) and subtracting and integrating from 0 to π, we obtain
where ∆λ n (q 0 , h) = λ n (q 0 , h + ∆h) − λ n (q 0 , h) . By dividing (2.11) by ∆h and letting ∆h −→ 0 in (2.8) we have
If y (π, λ n (q 0 , h)) = 0, then y (π, λ n (q 0 , h)) = 0. According to uniqueness theorem of solution, this yields
It is contradiction with the eigenfunction y (x, λ n (q 0 , h)) = 0 corresponding to eigenvalue λ n (q 0 , h) .
Therefore, y 2 (x, λ n (q 0 , h)) > 0 and π 0 y 2 (x, λ n (q 0 , h)) dx > 0. By virtue of estimate (2.12) we find that
Hence λ n (q 0 , h) is precisely increasing in h. Furthermore,
The main theorem
Theorem 3.1. Let λ n (q 0 , h m ) be the n-th eigenvalue of the boundary-value problem (2.1), (2.2), (2.3), (2.4) and λ n (q 0 , h m ) be the n-th eigenvalue of the boundary-value problem (2.5), (2.6), (2.7). For a fixed index n, if
Proof. Multiplying (2.1) by y (x, λ) , (2.5) byỹ (x, λ) and subtracting and integrating from 0 to π, we obtain
Using
We shall formulate as
2)
If the properties of y (x, λ) andỹ (x, λ) are considered, the function H (λ) is an entire function of order 1 2 in λ. We see that
Using estimate (3.1), (3.2), (3.3) we can write the following equation
From Theorem 2.6, clearly, {(λ n (q 0 , h m ))} +∞ m=1 is a precisely monotonous and bounded sequence and then there exists a λ n 0 (q 0 ) ∈ R, satisfies lim m→+∞ λ n (q 0 , h m ) = λ n 0 (q 0 ) . λ n 0 (q 0 ) is a finite accumulation point of the spectrum set {(λ n (q 0 , h m ))} +∞ m=1 . It is well-known that the set of zeros of every entire function which is not identically zero has not any finite accumulation point. Therefore
According to Theorem 2.4 and Theorem 2.5, solutions equations (2.1), (2.5) can be expressed in the following integral forms respectively,
By means of integral equations (3.5) and (3.6) we get
Using the trigonometric addition formulas, extending the range of K (x, s) ,K (x, s) with respect to the second argument, we obtain that
Substituting (3.7) into (3.4) and (3.3) and letting λ → ∞ for all λ, by means of Riemann-Lebesgue lemma and applying some straight forward computations, we can find that 
Conclusion
In this paper, a uniqueness theorem has proved for the solution of an inverse spectral problem having singularity type on the interval (0, π]. This theorem is discussed from a different view point.
